We extend the method for the automatic computation of high-order optical aberration coefficients to include (1) a finite object distance and (2) an infinite entrance pupil position (telecentricity in object space). We present coefficients of the power series expansion of the transverse aberration vector with respect to the normalized aperture and field coordinates. Aberration coefficients of very high order (e.g., 21) can be computed easily and-as shown by comparisons with trigonometric ray tracing-reliably.
Introduction
The analysis of optical aberrations in terms of coefficients of a power series has a long history, starting with Seidel in the mid 19th century [1] . Seidel's third order aberrations not only gave insight into the nature of different types of aberration, but also proved to supply-much beyond Seidel's original expectations -a powerful tool for steering the design of optical systems by studying the contributions of each optical surface to the total of the aberrations. As these contributions are also easily calculated, designers have made extensive use of Seidel's theory (see, for example, [2] ).
It has, of course, been known for a long time that third order aberration terms alone are insufficient to describe the performance of optical systems that must meet high demands in aperture and/or field, and an extension to higher orders appears to be a logical choice. Unfortunately, there are two drawbacks.
First an extension of Seidel's method to fifth order is quite cumbersome (see, e.g., [3] ) as also evidenced by the book devoted to this subject by Buchdahl [4] . Buchdahl made extensive use of masterful analytical artifices to keep the number of calculations as small as possible and fit for calculation by hand, but this made his algorithm excessively complex. Except for spherical aberration it was difficult to compute aberration coefficients of an order higher than seven with this method. Recently one of the present authors has translated a simplified version of Buchdahl's method into computer algebra code and obtained analytic formulas for the Buchdahl coefficients [5] . Unfortunately, the length of these formulas increases rapidly with each additional order and it is impractical to use such formulas for computing aberration coefficients of an order higher than seven. Second, the higher-order aberration coefficients suffer from a lack of correlation with the properties of the individual optical surfaces of a system, exacerbated by a growing number of aberration types with increasing order, which can easily cause confusion of interpretation.
In spite of these limitations, high-order aberration coefficients have the charm and benefits of a systematic structure. For computing high-order aberrations a different approach was proposed two decades ago by one of the present authors [6, 7] . As in the case of Buchdahl's method, this method is an analytical one: The functions appearing at various stages in the algorithm are written as power series expansions, and the algorithm consists basically of a succession of operations with the coefficients of the corresponding power series expansions. Despite the fact that such an algorithm is very close to a typical computer algebra algorithm, it is straightforward enough to be implemented in a traditional programming language such as Fortran or C, without the need for computer algebra. The remarkable power of this method therefore comes from the fact that it circumvents analytical formulas for the aberration coefficients but-at some minor additional computational cost-still produces fully equivalent results.
The published method [6, 7] is, however, limited to optical systems with infinite object distance and, accordingly, a near entrance pupil. We have felt a need to extend this method to (1) finite object distances and (2) to include the case of an infinite entrance pupil distance (telecentricity in object space). These extensions are discussed in Sections 2-4. Examples are discussed in Section 5. The new and extended algorithms and their implementation have been tested thoroughly, and ray reconstruction from the coefficients fully agrees with the result of trigonometric ray tracing.
The emphasis in this paper is on the total aberrations at the image plane, rather than on the contributions of individual surfaces to these totals. The surface-by-surface effect of the higher-order aberrations can be estimated from ray-tracing data by using the so-called Aldis Theorem [8] or a more recent equivalent method [9] . Also, dispersion is not considered here. In the case of polychromatic imaging, the aberration coefficients can be computed separately for all wavelengths of interest.
Definitions
We denote the two-dimensional vectors that describe a ray position by the Cartesian coordinates of its intersection with the entrance pupil plane by R ¼ ðx; yÞ and with the image plane byR ¼ ðx;ỹÞ, respectively. Let the vector D ¼ ðD x ; D y Þ whose components are the two direction tangents of an entering ray in object space describe the direction of the ray. Then the optical aberration coefficients computed by the earlier method [6, 7] are the unnormalized coefficients S k;k−j;j−n;n and T k;k−j;j−n;n up to some maximal order 2K þ 1 of the power series:
ðS k;k−j;j−n;n R þ T k;k−j;j−n;n DÞ
The structure of Eq. (1) results from rotational symmetry, the three quantities
being invariant to a rotation of the coordinate system about the axis of symmetry, z. For our purposes, it is more useful to define a ray passing through the system in terms of the normalized aperture and field coordinates. Let s ¼ ðs x ; s y Þ and t ¼ ðt x ; t y Þ be two vectors whose components are the aperture and field coordinates, respectively. By definition, vector s is related to R through
where r is the entrance pupil radius. For defining vector t we distinguish between two cases: If the object is at infinity we define t such that we have
where u is the direction tangent of the chief ray in the object space. If the object distance is finite we write
where r is the maximal object size and R ¼ ð x; yÞ is the vector whose components are the Cartesian coordinates of the ray in the object plane. In this case, it follows from simple geometry that D is given by
where u is the direction tangent of the marginal axial ray in object space. The power series expression of the final ray position with respect to aperture and field coordinates has a structure that is similar to that of Eq. (1):
where we have denoted
When the object is at infinity, simple algebra [substituting Eqs. (3) and (4) into Eqs. (1) and (2) and comparing the result with Eq. (7)] shows that we have
The aim of this paper is to develop a method for the computation of the normalized aberration coefficients b s;k;k−j 0 ;j 0 −n 0 ;n 0 and b t;k;k−j 0 ;j 0 −n 0 ;n 0 when the object distance is finite, including the special case when the system is telecentric (or nearly so) in object space. In Section 3 we derive a formula for computing the coefficients for finite object distance starting from the unnormalized aberration coefficients S k;k−j;j−n;n and T k;k−j;j−n;n .
Aberration Coefficients for Finite Object Distance
The unnormalized aberration coefficients S k;k−j;j−n;n and T k;k−j;j−n;n can be regarded as the coefficients of the power series expansion of two functions S and T that depend on the quantities R 2 , D 2 , and RD. If, for a given function JðR 2 ; D 2 ; RDÞ, we denote the sum of all terms of total order 2k in R and D in the power series expansion of J by
then Eq. (1) can be rewritten as
If we can compute a set of coefficients J 0 k;k−j 0 ;j 0 −n 0 ;n 0 so that
then by substituting into Eq. (13) S and T for J and S 0 and T 0 for J 0 we find immediately that
Therefore our goal is to derive a formula that gives the coefficients J 0 k;k−j 0 ;j 0 −n 0 ;n 0 as linear combinations of the coefficients J k;k−j;j−n;n .
To this end, we first express the quantity ðR 2 Þ k−j ðD 2 Þ j−n ðRDÞ n from Eq. (11) in terms of vectors s and t. To compute the powered quantities, we note
Raising the first factor to power (k-j) is straightforward. For the third factor (of power n) we use the well-known binomial formula and for the second factor the generalization of the binomial formula that gives an arbitrary power of a polynomial. We obtain 
in which
As a second step, we replace the summation variables p 1 and p 2 with j 0 and n 0 so that the exponents (18) become the corresponding exponents in Eq. (13):
Changing the limits of summation accordingly, Eq. (11) now becomes
Cðr; u; uÞ
Finally, in Eq. (22) we change the order of summation so that the first sum is over j 0 , the second one is over n 0 and the last one is over p. This rearrangement of the order of summation is a lengthy calculation involving six steps. In each step the order of two neighboring sums is exchanged and the limits of summation of the corresponding sums are recalculated. In the final result, the limits of the sums over j 0 and n 0 turn out to be the same as in Eq. (13). Therefore we can write
where, for two arbitrary arguments α and β, the function a is defined as a kjnj 0 n 0 ðα; βÞ ¼ b jnj 0 n 0 α 2k−ð2j−nÞ β ð2j−nÞ−ð2j 0 −n 0 Þ : ð24Þ
The quantities b jnj 0 n 0 are integer coefficients given by
where the summation limits are
In Eq. (26) the functions max and min denote the largest and smallest of the two integer arguments, respectively.
Equations (24) and (25) result immediately by substituting Eq. (21) into Eqs. (19) and (20) and summing up over p. On the other hand, the direct determination of the limits for the three sums in Eqs. (23) and (25) is rather elaborate. However, the limits of these sums have a remarkable property: Since we have, in the above derivation, basically done only polynomial expansions and rearrangement of terms, all terms appearing in the sum of Eq. (25) must be positive integers, and the exponents in Eq. (24) must be positive integers or zero. It turns out that the six limits of summation for p, j, and n define the maximal domain of variation for these variables so that the above requirements are met. For instance, if p is smaller than p min , then either p or p − n þ n 0 becomes negative and the corresponding factorial in Eq. (25) becomes meaningless. The same happens either with n − p or j − j 0 − p if p becomes larger than p max . Simple algebra shows that the upper limit for n in Eq. (23) is such that we always have j − n ≥ j 0 − n 0 , so that ðj − nÞ!=ðj 0 − n 0 Þ! is an integer, while the lower limit for n is the same as in Eq. (1). The other two limits for j and n ensure that in Eq. (24) the two exponents do not become negative.
When the object position tends to infinity, the direction tangent u of the marginal ray in the object space tends to zero. Noting that for a nonvanishing term the exponent of u must be zero, a simple analysis shows that, in this case, the three sums in Eqs. (23) and (25) contain only one nonvanishing term, the one with j ¼ j 0 , n ¼ n 0 , and p ¼ 0. In this case the aberration coefficients computed with Eqs. (14) , (15), and (23)-(26) become-as expected -those computed with Eqs. (9) and (10).
Telecentric Systems
At this stage, the computation of the normalized aberration coefficients b s;k;k−j 0 ;j 0 −n 0 ;n 0 and b t;k;k−j 0 ;j 0 −n 0 ;n 0 of a rotationally symmetric system consists of two steps. In the first step, the unnormalized coefficients Fig. 1 . Three-lens system for 10∶1 imaging of a mask for precision machining by an excimer laser (248 nm). The application requires (1) a long backfocus to avoid lens contamination by debris and (2) color correction for 248 nm and 628 nm, the latter to allow alignment and focussing with a He-Ne laser. The positive lenses are made from CaF 2 , the center negative lens from SiO 2 . Note the strong curvatures and short air spaces, which make the lens difficult to manufacture. [13] and Those Used in the Present Paper
Sagittal oblique spherical aberration bS6 bS7 −2ðμ3Þ μ6 bS10 bT7 μ4-μ5 μ7
a The σ coefficients are third order aberrations and the μ coefficients are of fifth order. Fifth order astigmatism and Petzval blur are given by (ðμ10 − μ11Þ=4 and ð5μ11 − μ10Þ=4, respectively. S k;k−j;j−n;n and T k;k−j;j−n;n are computed using the method presented earlier [6, 7] . In the second step, the aberration coefficients b s;k;k−j 0 ;j 0 −n 0 ;n 0 and b t;k;k−j 0 ;j 0 −n 0 ;n 0 are obtained from S k;k−j;j−n;n and T k;k−j;j−n;n by using Eqs. (14), (15), (23), and (26). The validity of these results has been tested numerically by reconstructing the ray position in the image plane from aberration coefficients with increasing orders and comparison with the result of trigonometric ray tracing (examples are given in Section 5). The results are fully satisfactory except for the case of optical systems which are (nearly) telecentric in object space.
A close inspection of the algorithm reveals the problem: If the object distance is finite and the entrance pupil is situated at a large distance from the first optical surface (and therefore has a large diameter), the coefficients S k;k−j;j−n;n and T k;k−j;j−n;n span a very wide range of numerical values, which increases steadily with increasing orders. When the individual terms in Eqs. (23) and (14) cancel in the summation process, but their range steadily increases, the usual double precision (64 bit) is no longer sufficient at some point and large rounding errors start to occur. We have found that this situation is alleviated-actually shifted to a higher range of coefficients-if the numerical precision is increased (e.g., to 128 bit quadruple precision), but this will, of course, still fail at some point, in particular if the system happens to be rigorously telecentric. Quadruple precision is moreover unavailable with most computer software.
For a more fundamental approach to the above difficulty, we note that in the original calculation method [6, 7] pupil and object play complementary roles in the overall algorithm. In fact, the original algorithm can be equally well reformulated in such a way that the reference plane is the object plane instead of the entrance pupil plane. This allows the adaptation of the approach to the actual situation, under which the optical system is utilized: Specifying a ray by its direction and entrance pupil coordinates is a natural choice for a system with infinite object position. For a system with finite object position and (near) infinite pupil position, specifying the ray by its direction and object plane coordinates is preferable. For systems where both the maximal object size r and the entrance pupil radius r are finite, both options are equally valid.
Here we extend the treatment developed in Section 3 to include the case of a (near) infinite pupil, so that all terms in the formulas remain within magnitudes small enough to avoid undue rounding errors. Let us first note that the algorithm for the computation of the unnormalized optical aberration coefficients S k;k−j;j−n;n and T k;k−j;j−n;n uses, in addition to the surface data of the system, only one extra parameter. In the original (i.e., the pupil-related) version this parameter is the position of the entrance pupil with respect to the first surface of the system. In the first step of the object-related algorithm, we use exactly the same calculation algorithm as in the pupilrelated one, except that we use the object position instead of the entrance pupil position as the extra parameter mentioned above. We denote the resulting modified object aberration coefficients by S k;k−j;j−n;n and T k;k−j;j−n;n . It should be noted that the object position is here measured with respect to the first surface of the system. An object situated to the left of the first surface-the usual case-will have a negative object distance, which is the opposite of the sign convention used by most optical design programs. In what follows, all quantities denoted with a bar above 6  7  7  8  8  9  9  10  10  11  11  12  12  13  13  14  14  15  15  16  16  17  17  18  18  19  19  20  20  21  21  22  22  23  23  24  24  25  25  26  26  27  27  28  28  29  29  30  30  31  31  32  32  33  33  34  34  35  35   36  36  37  37  38  38  39  39  40  40  41  41  42  42  43  43  44  44  45  45  46  46  47  47  48  48  49  49  50  50  51  51  52  52  53  53  54  54  55  55 11th order 11th order 56 56 Fig. 2 . Aberration contributions up to order 11 for the system of Fig. 1 . Spherical aberration terms (bS2, bS5, bS21, bS36) are dominant, the presence of high orders indicating a stressed design. Coma terms (bS4, bT2, bS7, bS9) are small and mutually compensating, third order field curvature (bS3, bT4) limits the range of application to a flat field of about 2 mm diameter. Fig. 3 . Five-lens system for 4∶1 imaging of a mask for precision machining by an excimer laser (248 nm) with very large working distance and a flat field in excess of 8 mm diameter. All lens elements are made from SiO 2 , so there is no color correction.
the symbol relate to the object instead of the entrance pupil.
For the second step of the object-related algorithm, we write equations similar to Eqs. (1), (11) , and (12), but with the quantities R, S, T, J, and E k carrying a bar. The equivalent of Eq. (13) now reads
In the same way as in the pupil-related case, we ob-
a kjnj 0 n 0 ð r; uÞ J k;k−j;j−n;n ; ð28Þ which is in fact Eq. (23), where the roles of u and u are interchanged and r, J, and J 0 have a bar. Note that the maximal object size r was defined by Eq. (5). Similarly, Eqs. (14) and (15) are now replaced by
Since the roles of s and t in Eq. (27) are interchanged, the second and third indices of the coefficients S k;k−j;j−n;n and T k;k−j;j−n;n in Eqs. (29) and (30) are also interchanged.
The result has been verified by numerical tests. We have found it convenient to apply the pupil-related algorithm in cases where j u j > juj and the object-related algorithm otherwise.
Examples
The effect of various aberrations b s;nijk and b t;nijk (with n ¼ i þ j þ k) on the image depends on the indices i, j, k which correspond to different powers of the aperture and field coordinates in Eq. (7). For n ¼ 0, b s;0000 , and b t;0000 can be interpreted as the heights of the paraxially traced marginal and chief rays at the image plane, respectively. For third and fifth order aberrations (n equal to 1 and 2, respectively) the relationships between the coefficients used in this paper and those used in the literature are given in Tables 1 and 2 . For higher-order coefficients, it turns out, for instance, that b s;nn00 and b t;n0n0 are spherical aberrations and distortions of order 2n þ 1, respectively. But, in general, finding a physical interpretation for a given coefficient becomes difficult. For simplicity, in the examples below, aberration coefficients have a single cumulative index. Its relationship with the set of four indices used above is given in Table 3 .
As we have already mentioned, the most valuable property of third order aberrations, the correlation of their surface contributions with the surface properties, is not retained at the higher orders. Yet, a close look at high-order aberration coefficients allows some general insight into the nature of a given optical design. For instance, the properties of relaxation and stress [10] are typically correlated with the convergence in Eq. (7). The aberrations decrease more rapidly with the total order n for relaxed designs than for stressed ones, and therefore the 3rd order 5th order 7th order 9th order 11th order bS bT rel.scale: 874 1  1  2  2  3  3  4  4  5  5  6  6  7  7  8  8  9  9  10  10  11  11  12  12  13  13  14  14  15  15  16  16  17  17  18  18  19  19  20  20  21  21  22  22  23  23  24  24  25  25  26  26  27  27  28  28  29  29  30  30  31  31  32  32  33  33  34  34  35  35   36  36  37  37  38  38  39  39  40  40  41  41  42  42  43  43  44  44  45  45  46  46  47  47  48  48  49  49  50  50  51  51  52  52  53  53  54  54  55  55 11th order 11th order 56 56 Fig. 4 . Aberration contributions up to order 11 for the system of Fig. 3 . Spherical aberration terms are small; the third order contribution is essentially compensated by fifth and a little seventh order, and coma terms (bT2, bS4, bS7) are all small. Field curvature (bS3, bT4) ultimately limits the applicability to a 8 mm flat field. There are virtually no aberration terms of order 7 or higher, indicating a relaxed design due to shallow curvatures, albeit at the expense of five lens elements. Note the higher scale factor compared to Fig. 2 . Fig. 5 . Lithographic lens for 4∶1 imaging at 248 nm with a large field (23 mm diameter) and a high numerical aperture (0.56), taken from [12] . The system is telecentric in both object and image space.
convergence is faster in the former case. We discuss below some typical examples of systems with finite magnification.
As a first example, we compare two lens systems, having the same f number, for use in micromachining by excimer laser radiation at 248 nm wavelength. The first system, shown in Fig. 1 , is a closely spaced three-lens design, using outer positive lenses made of CaF 2 and a negative quartz lens in between. The complete lens data (in millimeters) are listed in Table 4. The lens is corrected for equal focal positions at 248 nm and at 632 nm, the wavelength of the He-Ne laser, to allow alignment (and checkout) in visible light. The application requires a large (>80 mm) working distance between the last lens surface and the focal plane, a 10∶1 demagnification, but only a small flat field of up to 2 mm diameter where the central part with 1:6 mm diameter should be diffraction limited at f =4:5. There was also a demand for as few lens elements as feasible. This set of requirements is fully met by the design, albeit at the expense of strong curvatures and critical air spaces which make the lens difficult to manufacture.
The aberration coefficients, see Fig. 2 , are indicative of a stressed system: Spherical aberration terms (bS2, bS5, bS21, bS36) are dominant, with fifth order (bS5) being the largest and the only positive one, while the contributions of the third, ninth, and eleventh orders combine to compensate for that, as the seventh order contribution is virtually zero. In fact, a closer look at even higher orders shows that there are significant contributions up to, say, order 21. On the other hand, coma is well corrected, as evidenced by the small (and mutually compensating) values of bS4, bT2, bS7, bS9. There is some field curvature of third order, bS3 and bT4, both negative, which ultimately limits the range of applications, where a very flat field is needed. There are no higher-order contributions in that area.
The second design, shown in Fig. 3 , is intended for a demagnification of 4∶1, a much larger working distance (in excess of 130 mm) and a field of up to 8 mm 6  7  7  8  8  9  9  10  10  11  11  12  12  13  13  14  14  15  15  16  16  17  17  18  18  19  19  20  20  21  21  22  22  23  23  24  24  25  25  26  26  27  27  28  28  29  29  30  30  31  31  32  32  33  33  34  34  35  35   36  36  37  37  38  38  39  39  40  40  41  41  42  42  43  43  44  44  45  45  46  46  47  47  48  48  49  49  50  50  51  51  52  52  53  53  54  54  55  55 11th order 11th order 56 56 Fig. 6 . Aberration contributions up to order 11 for the system of Fig. 5 . Spherical aberration terms (bS2, bS5, bS21, bS36) are remarkably small with the exception of the term of seventh order (bS11), but oblique spherical terms, notably bS16, and to a lesser extent bT13 and bS41, account for a rapid increase of the marginal high oblique ray aberration at full field. Note the much higher scale factor compared to Figs. 2 and 4. Fig. 7 . Transverse aberration plot for the lithographic system shown in Fig. 5 , showing the effect of oblique spherical aberration. Table 3 . Set of Four Indices n, i, j, and k Appearing in b s;nijk and b t;nijk a   1  0000  15  3111  29  4112  43  5221  2  1100  16  3102  30  4103  44  5212  3  1010  17  3030  31  4040  45  5203  4  1001  18  3021  32  4031  46  5140  5  2200  19  3012  33  4022  47  5131  6  2110  20  3003  34  4013  48  5122  7  2101  21  4400  35  4004  49  5113  8  2020  22  4310  36  5500  50  5104  9  2011  23  4301  37  5410  51  5050  10  2002  24  4220  38  5401  52  5041  11  3300  25  4211  39  5320  53  5032  12  3210  26  4202  40  5311  54  5023  13  3201  27  4130  41  5302  55  5014  14  3120  28  4121  42  5230  56 diameter, where diffraction limited performance is required for the central 5:5 mm at f =4:5. The complete lens data are listed in Table 5 . This design is basically of the Petzval type plus an added (weak) aplanatic rear lens. All lens elements are made from quartz, so the system is not color corrected, but it maintains diffraction limited performance near the axis over a large spectral range, albeit for widely varying focal positions (154:75 mm back focus at 632 nm wavelength as compared to 131:87 mm at 248 nm!), which allows the system to be tested in visible light. The aberration coefficients in Fig. 4 (shown at twice the scale factor of Fig. 2 ) are characteristic of a more relaxed design. Not only are the spherical aberration terms essentially limited to third order plus compensating fifth and a small amount of seventh order, but they are also less than half the magnitudes of the previous case. Coma contributions (bT2, bS4 and bS7) are small. Field curvature terms (bS3 and bT4) stand out and ultimately limit the range of applicability. Except for the already mentioned spherical aberration of seventh order, there are no significant terms of order seven or higher. This reflects the fact, that the design uses shallow curvatures, be it at the expense of a total of five lens elements.
The third example (Fig. 5) is a well-corrected lithographic projection lens, again for 248 nm wavelength [11, 12] . It serves here as an example of a lens for a near object and a far entrance pupil (see Section 4).
The lens is designed for a demagnification of 4∶1, a high numerical aperture (NA) of 0.56, and a large field of 23 mm diameter. Note that the aberration coefficients (Fig. 6 ) are shown at twice the scale of the previous example.
At first sight the aberration terms appear to be sizable and significant up to the eleventh order. It is interesting to note that most spherical aberration terms (bS2, bS5, bS21, bS36) are quite small with the exception of that of seventh order (bS11), but numerous oblique spherical terms, notably bS16 (the largest coefficient of all) as well as bT13 and bS41, account for the rapid increase of the ray aberration at the full field and the edge of the aperture, which shows up at the left extreme of the transverse aberration plot in Fig. 7 . Other methods of performance analysis have shown that the system is afflicted with substantial coma at the 0.7 field, but not at full field. In view of the large number of comatic terms of higher orders, it is, however, virtually impossible to assign this fact to the magnitude of the individual comatic aberration coefficients. The object is 945 mm from the first surface, the aperture stop has 20 mm diameter and is located at 10 mm in front of surface 1. The object is 685 mm from the first surface, the aperture stop on surface one has a 36:4 mm diameter. Table 6 . Reconstruction for the System in Fig. 1 of the x and y Components of the Transverse Aberration of a Given Ray Using aberrations up to the order shown in the first column. For comparison, the last row gives the values of the x and y components computed by ray tracing. The last column lists the total number of aberration coefficients that were used for the reconstruction. Gives the total number of aberration coefficients that have been used in the reconstruction. Tables 6-8 show examples of ray reconstruction using Eq. (7) aberration coefficients of increasing orders up to 21 for the systems shown in Figs. 1, 3 , and 5, respectively. Up to order 11, the coefficients that are used in the reconstruction are those shown in the bar charts in Figs. 2, 4, and 6, respectively. The x and y components of the transverse ray aberration with respect to the chief ray are shown for a typical skew ray with the normalized field coordinates t x ¼ 0, t y ¼ 1 (i.e., the ray starts from a vertical object) and the aperture coordinates s x ¼ s y ¼ 0:7. Note that the reconstruction of the real chief ray contains only coefficients of the form b t;n0n0 with n ¼ 0; 1; 2; … Therefore, by subtraction, in the reconstruction of the ray considered here all coefficients of the form b t;n0n0 are put equal to zero.
In the last row the corresponding value computed with trigonometric ray tracing is given for comparison. It can be observed that in all cases shown here the series reconstruction converges toward the corresponding trigonometric value. However, it can be observed that the convergence in Table 7 for the relaxed system in Fig. 3 is much faster than the convergence in Table 6 , which corresponds to the stressed system shown in Fig. 1 that has the same f number. Table 8 shows that, despite the fact that the corresponding aperture and field are large, a reasonable convergence can still be achieved for the relaxed lithographic objective (Fig. 5) . It should also be noted that the systems in these three examples are well corrected, and therefore the total transverse aberration components computed with ray tracing for the ray considered here are small. Therefore, in some cases (e.g., in the second column of Table 6 ) even after reconstruction including twenty-first order aberrations, the relative deviation of the result with respect to ray tracing may seem large. However, the twentyfirst order absolute error (which is more important in possible applications) is small in all examples presented here. For uncorrected systems, it turns out that the absolute deviations are the same size as for corrected systems. But since the absolute values of the transverse aberration components of the rays are much larger, the convergence in relative terms is much better.
Conclusions
We have presented a method for computing high-order monochromatic aberration coefficients that is applicable in all situations involving rotationally symmetric optical systems with surfaces that are spherical or have a polynomial-type aspherical departure from sphericity.
The examples show that the speed of convergence of the ray reconstruction when the aberration order is increased may differ in different situations and depends on properties such as stress or relaxation. Slow convergence is also observed in regions of the design space that are close to the ray failure borders. However, it should be noted that a slow convergence or a significant difference between the aberration reconstruction and the corresponding finite ray-tracing value is not always a disadvantage. One of the advantages of aberration coefficients is that they do not suffer from ray failure caused by rays missing surfaces or total internal reflection [13] . This property can be useful, for instance, for studying the topology of the merit function landscape of a particular design type with merit function approximations based on aberration coefficients. If the merit function is a root-mean-square spot size, for instance, the transverse ray aberration components of the rays that are used to compute the merit function value can be computed by using Eq. (7) instead of finite ray tracing [14] . If aberration terms of orders higher than three or five are used, such a merit function approximation is computationally slower than the usual one based on finite ray tracing but has the advantage that it produces a usable number for any set of system values. After optimization, even nonraytraceable starting configurations can lead to more well-behaved system shapes, where optimization can be continued with ray tracing.
For the regions of the design space that are of practical interest, results to be discussed in detail elsewhere suggest that, while there are significant quantitative differences, the topology of merit function approximations using third order aberrations is qualitatively rather similar with that of the merit function based on ray tracing. With higher-order terms added, the behavior of the approximated landscape when the number of aberrations used in ray reconstruction is varied (e.g., the appearance or disappearance of local minima in flat regions of the approximated landscape or, in contrast, the robustness of the existing minima) could give useful insights into the properties of the design landscape and into the design potential for the specific configuration.
